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Abst ract  
A theorem of Stein (1975, 1979) states that for every n x n (n ~> 3) complete bipartite graph 
G such that every edge is coloured and each colour is the colour of at most two edges, there is 
a perfect matching whose edges have distinct colours. We give an O(n 2) algorithm for finding 
such a perfect matching. We show that a related problem is NP-complete. 
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1. The main result 
A matching in a graph G is a set of edges that meets each node of G at most once. A 
perfect matching is a set of edges that meets each node exactly once. Given a graph 
whose edges are coloured, amatching iscalled good if all its edges have different colours. 
Theorem 1 (Stein [5, 6]). For every n x n (n >1 3) complete bipartite graph G such that 
every edge is coloured and each colour is the colour of at most two edges, there is a good 
perfect matching in G. 
Proof. Since there are at most ½n 2 pairs oflike-coloured edges in G, there are at most 
½nZ(n - 2)! non-good perfect matchings in G, which for n >/3 is fewer than all perfect 
matchings (n!). [] 
Theorem 1 is an instance of what is called an existentially polytime (EP) theorem 
[1]. An EPformula for a predicatef(x) is a formula of the form 
f(x) = [3y such that g(x, y)], 
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where y is polynomially bounded in the size of x, and g(x, y) is a predicate for which 
there is a polytime algorithm. An EP theorem is a theorem of the form [Vx, f(x)], 
wheref(x) is an EP formula (true for every x). Theorem 1 is one of many instances of 
EP theorems which is proved by an elegant counting argument but for which it is not 
clear that there is a polytime algorithm for finding what the theorem asserts to exist. 
We hope that our work at least on this simple instance of such a theorem will 
contribute positively to derive polytime algorithms for a variety of less simple EP 
theorems. 
Given a graph and a matching, an augmenting path is a (simple) path which starts 
and ends at unmatched nodes, and alternates between matching and nonmatching 
edges. I fM is a matching and P is an augmenting path, then MAP is a larger matching 
since if IPI = 2m + 1, then MAP is obtained by replacing the m edges of M in P by the 
m + 1 edges of P not in M. We will call P a good augmenting path if MAP is a good 
matching. 
Theorem 2. Under the same hypotheses as Theorem 1, if M is a good matching in 
G which does not hit nodes r and s, respectively, in the two parts of G, IMI >>. 2, then there 
is a good augmenting path from r to s with at most 5 edges. 
Proof. Assume the hypotheses. For an edge uv, we will call the edge which has the 
same colour as uv, twin(uv) if such an edge exists, uv and twin(uv) are called twins. Let 
M be a good matching in G. Call the edges of M, M-edges. Let U and V be the two 
parts of G. Let r e V and s E U be unmatched. 
r, s is a good augmenting path unless twin(rs) e M. So assume twin(rs) ~ M. 
For uv ~ M with u e U and v e V, r, u, v, s is a good augmenting path unless: 
or  
(a) ru or vs has a twin in M 
(b) ru and vs are twins. 
Thus, we will assume that for every uv ~ M, (a) or (b) holds. If (a) holds, we call uv 
a type-a M-edge. If (b) holds, we call uv a type-b M-edge. Suppose there are p type-a 
M-edges and q type-b M-edges. IMI = p + q. 
There are at least p + 1 twins of M-edges: rs, and for every type-a 
M-edge uv, either ru or vs. (1) 
Therefore, q ~> 1. 
Case 1: q ~> 2. Let uv and u'v' be type-b M-edges (u, u' s U, v, v' ~ V). r, u, v, u', v', s 
is a good augmenting path unless twin(vu') e M. r, u', v', u, v, s is a good augmenting 
path unless twin(v'u) ~ M. See Fig. 1. Considering all pairs of type-b M-edges, there 
are 2(~) edges v'u, u'v. These can be twins of only q - 1 M-edges since they are not of 
the form described in (1). But since q >/2, 2(~) > q -- 1. Therefore, there must be some 
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edge v'u or uv' that does not have a twin in M and thus provides an edge in a good 
augmenting path of length five. 
Case 2: q = 1. Let the one type-b M-edge be uv (u e U, v e V). By (1), there are at 
least p + 1 twins of M-edges. But IMI = p + q = p + 1, thus there are exactly p + 1 
twins of M-edges and the twins of the M-edges are rs, and for every type-a M-edge u'v' 
(u' ~ U, v' e V), exactly one of ru' and v's. In particular, every M-edge has a twin. 
Let u' v' be an M-edge, different from uv, such that twin(u'v') ¢ rs, (u' e U, v' e V). 
We can assume that u'v' exists. (Proof. If not, IMI - -2 .  Where wx is the M-edge 
different from uv (we U, x e V), twin(wx)= rs. By symmetry, we may assume 
twin(uv) = rw. Then r, w, x, u, v, s is a good augmenting path.) 
By symmetry, we may assume twin(u' v') = ru" where u" e U and u" v" e M. If u" = u', 
then r ,u ' ,v ' ,s  is a good augmenting path since twin(ru')= u 'v 'eM implies 
twin(v' s)¢M. So assume u" ¢ u'. 
Since twin(u' v")¢M, r, u", v", u', v', s is a good augmenting path unless twin(v' s) e 
Mw{u '  v" }; and since twin(vu')¢M, r, u, v, u', v', s is a good augmenting path unless 
twin(v's) e Mw{vu'}.  Thus, we may assume twin(v's) e M, so twin(ru')¢M. 
But, then r, u', v', u, v, s is a good augmenting path unless twin(ru') = uv', so let us 
assume that twin(ru') = uv'. See Fig. 2. Since twin(ru") is an M-edge, twin(v"s) is not. 
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Fig. 1. Number indicates colour. Double lines indicate M-edge. 
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Fig. 2. Number indicates colour. Double lines indicate M-edge. 
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Moreover, either twin(v"s)# u"v' or twin(v"s)# u"v; so we conclude that either 
r, u', v', u", v", s or r, u, v, u", v", s is a good augmenting path. [] 
2. Algorithmic considerations 
The statement ofTheorem 2 immediately gives an O(n 3) algorithm for finding what 
Theorem 1 asserts to exist: To find a good perfect matching, we start with a good 
matching with at least two edges (which is easily found since n ~> 3 and a matching 
with 3 edges contains a good matching with at least 2 edges), and we must find (at 
most n - 2 times) a good augmenting path with at most 5 edges, that is, with at most 
2 M-edges. There are O(n 2) such paths. 
The proof of Theorem 2 actually provides an O(n 2) algorithm for finding a good 
perfect matching: Assume we have a list of edges and their twins so we can find the 
twin of an edge in constant time. To find a good augmenting path from r to s, we first 
check if twin(rs) e M, and then, by examining each M-edge once, we look for a good 
3-edge augmenting path and at the same time classify each M-edge as type-a or type-b. 
This can be done in O(n) time. Case 2 takes constant ime. In Case 1, we have to 
examine at most IMI + 1 < n augmenting paths before we find a good one, since this 
type of augmenting path is not good only if a particular edge of the path has a twin in 
M. Thus, Case 1 takes O(n) time. We must find at most n - 2 augmenting paths. Thus, 
the overall complexity of the algorithm is n(O(n) + O(n)) = O(n2). 
3. NP-completeness of related problems 
We might hope to extend our algorithm to either general bipartite graphs or more 
general colourings. Unfortunately, either problem is NP-complete. 
Theorem 3 (Itai and Rodeh [3], Itai et al. [4] and Valiant [7], see also [-2, p. 203]). 
The following problem is NP-complete. 
PI: Given a bipartite graph G whose edges are coloured and such that every colour is 
the colour of at most two edges, is there a good perfect matching in G? 
Theorem 4. The following problem is NP-complete. 
P2: Given a complete bipartite graph H whose edges are coloured, is there a good 
perfect matching in H? 
Proof. We reduce P1 to P2. Given a bipartite graph G whose edges are coloured as in 
P1, construct a complete bipartite graph H whose edges are coloured as follows. Add 
two new vertices u and v, one in each part of the bipartite graph, join them by an edge 
of a new colour, say black, and add black edges to make a complete bipartite graph. 
M is a good perfect matching in G.~ Mw {uv} is a good perfect matching in H. [] 
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